Cell Population Tracking and Lineage
Construction with Spatiotemporal Context 1

Kang Li® , Eric D. Miller 2, Mei Chen®, Takeo Kanadé?,
Lee E. Weis$, Phil G. Campbell?

aCarnegie Mellon University, 5000 Forbes Avenue
bIntel Research Pittsburgh, 4720 Forbes Avenue, Suite 410, M2
Pittsburgh, PA 15213

Abstract

Automated visual-tracking of cell populations in vitro using time-lapse phase con-
trast microscopy enables quantitative, systematic and hidp-throughput measure-
ments of cell behaviors. These measurements include the gjpatemporal quanti ca-
tion of cell migration, mitosis, apoptosis, and the reconstuction of cell lineages. The
combination of low signal-to-noise ratio of phase contrast miroscopy images, high
and varying densities of the cell cultures, topological comlexities of cell shapes,
and wide range of cell behaviors poses many challenges to sting tracking tech-
niques. This paper presents a fully-automated multi-target tracking system that can
e ciently cope with these challenges while simultaneouslytracking and analyzing
thousands of cells observed using time-lapse phase contrasticroscopy. The system
combines bottom-up and top-down image analysis by integratig multiple collabo-
rative modules, which exploit a fast geometric active contair tracker in conjunction
with adaptive interacting multiple models (IMM) motion It ering and spatiotem-
poral trajectory optimization. The system, which was tested using a variety of cell
populations, achieved tracking accuracy in the range of 8®%-92.5%.
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1 Introduction

Biological discovery and its translation into new clinical tlerapies are rapidly
advancing through the use of combinatorial, high-throughpuexperimental
approaches. Automated tracking of cell populationg vitro in time-lapse mi-
croscopy images enables high-throughput spatiotemporal nsmements of a
range of cell behaviors, including the quanti cation ofmigration (transloca-
tion), mitosis (division), apoptosis(death), as well as the reconstruction of cell
lineages(mother-daughter relations). This capability is valuable dr several ar-
eas including stem cell research, tissue engineering, drug disey, genomics,
and proteomics (Huang et al., 1999; Patrick and Wu, 2003; Brawet al., 2003;
Al-Kofahi et al., 2006; Bao et al., 2006).

The automation of cell tracking faces many challenges. Theskatlenges in-
clude: varying cell population densities due to cells dividg/dying and leav-
ing/entering the eld-of-view; complex cellular topologes (shape deformation,
close contact, and partial overlap); and in particular, mass& amounts of im-
age data. As an example, we have been using computer-aidedprinting to
create complex patterned arrays of growth factors for indireg and directing
the fates of whole cell populations (Weiss et al., 2005; Camglbet al., 2005;
Miller et al., 2006; Phillippia et al., 2008). To quantify hav these patterns
regulate cell behaviors over time and space requires timgse phase-contrast
microscopy to continuously record the cellular responses ovetended periods
(e.g., 5-10 days), while monitoring multiple experiments iparallel. This pro-
cess routinely produces large datasets with low signal-to-seiratios (Fig. 1).
Typical experiments produce over 100 gigabytes (GB) of imaglata consisting
of about 40,000 frames, with up to thousands of cells in each rina. Manual
cell tracking in these images by an experienced microscopishaautinely take
weeks of tedious work, while the results can be imprecise and gadi to in-
terobserver variability. Therefore, for e ciency and accuacy, automated cell
tracking and analysis are required. A robust computer vision lsg@d system
can address the automated tracking requirements. Previoustgported cell
tracking systems, however, do not address all the challenges, aré typically
validated on short-term and/or small-scale experiments only.

In this paper, we present a fully-automated multi-target tracking system that
can successfully cope with the aforementioned challenges, aath simultane-
ously track hundreds to thousands of cells over the duration & biological
experiment. The system exploits a two-level design, integraiy multiple col-
laborative modules. The lower level consists of a cell detectarfast geometric
active contour tracker, and an interacting multiple modelg§IMM) motion lIter
adapted for biological behaviors. The higher level is comgad of two trajec-
tory management modules called the track compiler and thedck linker.



Fig. 1. Examples of phase contrast microscopy images of cgblopulations. (a), (c)
MG-63 human osteosarcoma cells. (b) Human amnion epithelial AE) stem cell
population. The images are cropped to 512512 pixels.

The system has several features. First, the geometric active coat tracker

simultaneously performs segmentation and data association byegrating im-

age intensity, edge, motion and shape information with a fastvel set frame-
work. Second, the IMM lter with online parameter adaptation enhances the
tracking of varying cell dynamics, and provides the additioal capability of

motion pattern identi cation. Third, the spatiotemporal tr ajectory optimiza-

tion approach makes the system capable of resolving completelong-term

occlusions. Finally, although multiple algorithms are intetated in our system,
many of its parameters are estimated automatically, while & remaining ones
are intuitive to set.

As an example application for the tracking system, we demonstmits use to
automatically measure stem cell lineages. This task requiresipterm tracking

of cell locations. The accurate segmentation of cell boundes is an added
bene t of our system for other applications, but it is not the emnasis of the
results reported here.

2 Related Work

An overview is presented below on the methods currently used fautomated
tracking of cells in time-series images. These methods can bassl ed as
either tracking by detectionor tracking by model evolution

2.1 Tracking by Detection

In the tracking-by-detection approach, cells are rst deteted in each frame
based on intensity, texture, or gradient features (Al-Kofahi eal., 2006), and



then the detected cells are associated between two or more cangire frames,
typically by optimizing certain probabilistic objective functions. This approach
is computationally e cient and robust when cell density is low However,
tracking mitosis can be problematic (Kirubarajan et al., 200), and segmen-
tation errors generally increase with increasing cell densiys a result of the
inability to discriminate between multiple touching cells.

For one example, Bahnsoet al report on an automated system for measuring
cell motility and proliferation over time (Bahnson et al., 2@5), but the system

is unable to distinguish between cells that are not well-sepasa. As another
example, Al-Kofahiet al used a seeded watershed method (Vincent and Soille,
1991) to detect cells, which can, to some degree, distinguish thing cells.
They then perform feature-based cell matching between twoaimes to deter-
mine cell trajectories and lineage (Al-Kofahi et al., 2006)They acknowledged
that tracking becomes di cult as multiple cells merge into adense blob, and
they did not address cells leaving or entering the image. Thealso suggest
that their methodology could be implemented in real-time sice tracking by
detection in general requires low computational overheath yet another ex-
ample, Yanget al used watershed and mean shift (Cheng, 1995) to segment
uorescence-labeled nuclei to track cell cycle progressiondivg et al., 2005b),
but did not address cell lineage construction.

Another popular set of techniques (Smal et al., 2006, 2007; Godz et al.,
2007) is based on particle Itering (Doucet and Ristic, 2002)which elegantly
integrates detection and data association in a Bayesian prohéstic frame-
work. While these techniques are well-suited for particle teking in uores-
cence microscopy image sequences, their extension to cell tragkin phase
contrast microscopy images is not straightforward.

2.2 Tracking by Model Evolution

In the tracking-by-model-evolution approach, parametriand non-parametric
model-based representations of cell appearances or shapesemaved from
frame to frame (Debeir et al., 2005; Zimmer et al., 2002; Zimen and Olivo-
Marin, 2005; Mukherjee et al., 2004) or in spatiotemporal vomes (Pad eld
et al., 2006a,b, 2008) in order to keep track of moving cellsar time.

Techniques based on parametric active contour models haveetpotential to
produce better estimates of cell morphologies, but must be adep to handle
cell-cell contacts and mitosis at the cost of reduced computahal e ciency.
For example, Zimmeret al adapted the classic \snake" model to track cells
by adding repulsive forces between snakes to handle close cont# cells and
incorporating \topological operators" to handle cell divison (Zimmer et al.,



2002; Zimmer and Olivo-Marin, 2005). However, the computathal overhead
can be prohibitively expensive for tracking a large number afells. Debeiret
al considered a simpli ed problem of tracking only the centroid psitions, but
not the boundaries of the cells (Debeir et al., 2005), whichgpmits a mean shift
based model (Cheng, 1995) to be used. However, similar to the srekeodel,
this model cannot handle cell divisions. As a remedy, the auth®mproposed
to track backwards (from the last frame to the rst), which simpli ed the
problem but made the tracking unsuitable for real-time procgsing during
image acquisition. Moreover, this method requires manual edti cation of
cell centroids for initialization, and cannot automaticaly incorporate new cells
entering the eld-of-view.

Geometric active contour models implemented via the leveltsmethod (Osher
and Sethian, 1988) have recently been investigated for cethtking applica-
tions (Mukherjee et al., 2004; Yang et al., 2005a; Dufour el.a2005; Pad eld
et al., 2006a,b, 2008). Geometric models are generally deshto be more
powerful representations than parametric models. However, ¢huse of level
sets for cell tracking had been dismissed before because, in i@sslc form,
it does not prevent two contacting boundaries from mergingi.g., it will fuse
multiple cells that move into close contact as one object), @nit is computa-
tionally expensive. Most previous studies on level set cell trlkdag either did
not consider contacting cells (Mukherjee et al., 2004), or serted to o -line
post-processing to correct cell fusions (Yang et al., 2005a; Bk et al., 2006).
These methods made little use of temporal contextual informetn. Pad eld
et al approached tracking as a spatiotemporal segmentation task (B&Id
et al., 2006a,b, 2008). This method can potentially yield mie accurate cell
segmentation than frame-by-frame processing. However, it reges additional
post-processing to separate cell clusters and to produce celljaetories (Pad-
eld et al., 2008). It is also more computational and memory itensive than
frame-by-frame sequential processing.

To partially address the problem of cell fusion, Zhangt al proposed a \coupled
geometric active contours" model (Zhang et al., 2004), whiaepresents each
cell by a separate level set function, and enforces a couplingnestraint that
prevents di erent contours from overlapping. Dufouret al further extended
this approach to 3-D for tracking uorescent cells (Dufour etal., 2005). This
approach is constrained both by computer memory and computinpower,
which makes it unsuitable to handle a large number of cells.

Another approach is to incorporate topological constraints, ich explicitly
prohibit cell merging, while allowing cell division. Althoudn the topological
control of level sets has been studied extensively for image segwation prob-
lems (Han et al., 2003; Segonne, 2005), its potential for tcking has yet to be
fully exploited. The application of topology-constrained ével set methods to
cell tracking was rst reported by our group (Kanade and Li, 205; Li et al.,



2006) and more recently, by Nathet al (Nath et al., 2006). The key idea
shared by Nathet al's method and ours is to label the contours of di erent
cells using di erent \colors", and to prohibit the contours with distinct colors
from merging. The distinction between the two approaches, h@wer, lies in
the way this coloring mechanism is implemented. Natlet al's method relies
on the four-color theorem (Appel and Haken, 1977a,b), which states that no
more than four colors are required to paint a set of disjoint regns on a plane
such that no two adjacent regions share the same color. Based onstthe-
orem, their approach applies planar graph-vertex colorintp distinguish cell
contours, and requires four level set functions to handle anlatrary number
of cells while preventing cell merging. On the other hand, owpproach only
requires one level set function, along with agion labeling mapthat evolves
together with the level set function. Besides being more mempee cient, the
region labeling map is conveniently utilized to store the idaity of each cell,
which facilitates cell tracking.

3 Methods

Our tracking system integrates ve modules (Fig. 2), includig: 1) cell detec-
tor, which detects and labels candidate cell regions in the inpimage uti-
lizing region, edge, and shape information; 2)ell tracker, which propagates
candidate cell regions and identities across frames using atféopologically-
constrained geometric active contour algorithm; 3)notion lIter , which per-
forms prediction and lItering of the cell motion dynamics usng a biologically
relevant adaptive interacting multiple models (IMM) lter ; 4) track compiler,
which generates intermediate result callettack segmentdy fusing the output
from the above modules, and judging on what is and what is not ghically
possible; and 5)track linker, which oversees the entire tracking history and
establishes the complete cell trajectories and lineages. Tdchave robust and
versatile cell tracking, our system combines the advantages lodth tracking-
by-detection and tracking-by-model-evolution approachse (Section 2), while
mitigating against their disadvantages. Before dwelling on eh module, we
provide an overview of the system work ow and establish notatian

3.1 System Work ow

Our system starts with processing the input images sequentiallytsl output
is a complete spatiotemporal history of the cell trajectoriesincluding cell
centroid positions, cell migration velocities, shape and intasity parameters
for every cell, as well as the parent-child relations betweecells. For each
cell, the system may generate multiplé¢rack segmentsas intermediate output.
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Fig. 2. System Overview

Each track segment is associated with a unique positive-integabel n. Each
cell is identi ed using the label of its rst track segment.

To initialize tracking, the cell detector detects all candilate cells in the rst
framelo(X;y) and generates an initial cell region labeling mapo(x;y), where

o(X;y) = n if pixel (x;y) is part of cell n, and o(x;y) = 0 if (x;y) belongs
to the background. Subsequently, for each framig(x;y), k =1;2::;;K:

Step 1. The cell detector segments cell regions in the image using a com
bination of region-based and edge-based approaches. The otitgua binary
map of cell regions, denoted «(X;y). Each connected foreground component
in  «(x;y) is considered acell candidatein frame k.

Step 2: The cell tracker propagates the cell region labelingy 1(Xx;y) from
frame k 1 to frame k. We extended a fast geometric active contour algo-
rithm (Shi and Karl, 2005b) to segment cell regions and to pr@gate the
corresponding cell labels. First, a level set function(x;y) is initialized us-
ing « 1(x;y). Then, and are evolved together to minimize an \energy
functional that combines a region competition term (Zhu andvuille, 1996),
a geodesic edge term (Caselles et al., 1997), and a motion teraséd on the
distribution of the predicted cell position from the motion Iter. Topologi-
cal constraints are incorporated to the level set evolution tprevent contours
that represent di erent cells from merging. The output is thepropagated cell
labeling map for framek, denoted " (x;y).

Step 3: The track compiler compares the outputs of the cell detect@and the
cell tracker, and takes one of the following actions: createsnew or daughter
track segment, or updates an existing track, or terminates a d@ck. For con-
tinuing track segments, the track compiler calls on the motioriter to update
the cell motion state in framek, and to predict its state for framek + 1.
The predictions will be useful for the track linking process (sfp 4), as well



as for the level set evolution for the subsequent frame (step 5)iFnew track
segments, initial motion states are initialized based on quatigs measured
from the corresponding cell regions. The output of this step ihades the track
segments and an updated region labeling map(X;y).

Step 4: The track linker examines all track segments up to framd&, and
detects whether two or more track segments correspond to ondl .dé attempts
to link track segments in the spatiotemporal image volume, antb form more
complete cell trajectories. The updated cell trajectoriesra fed back to the
track compiler for subsequent tracking in framek + 1.

The following sections elaborate on each module of this system.

3.2 Cell Detection

Cells in phase contrast microscopy normally appear as dark regs surrounded
by bright halo artifacts, except for mitotic (dividing) or apoptotic (dying) cells,
which appear rounder and brighter than the other cells. Consagntly, the
cell detector takes two approaches: Tggion-baseddetection, which employs a
grayscale morphological Iter and the level set method to exéict non-mitotic
and non-apoptotic cells; and 2gdge-basedetection, which detects mitotic and
apoptotic cells based on image edges, as well as a set of shape ppearance
criteria. The outputs of the two approaches are combined toigld a binary
image (x;y): !f 0;1g, in which each non-zero connected component is
considered a cell candidate. The steps of cell detection aresitrated in Fig. 3,
and detailed in the next two subsections.

3.2.1 Region-Based Cell Detection

The region-based cell detection approach consists of two step$:morpho-
logical pre-segmentation, the result of which is used to estin@athe intensity
distributions of cells and background; and 2) level set segmeartion, which
achieves more robust cell localization.

The rolling-ball Iter (Sternberg, 1983) is applied to pre-segment the non-
mitotic and non-apoptotic cells. The rolling-ball Iter simulates rolling a ball
beneath the intensity pro le of an image, removing the peakshéat are un-
touchable by the ball surface. It is a grayscale morphologicdter that is
related to the classical top-hat transformation (Meyer, 1979%y

I rollball(l;r) = tophat( I; ball,);

wherer is the radius of the rolling ball, andball, is a non- at half ball-shaped



Fig. 3. lllustration of cell detection steps. Shown are the luman amnion epithelial
(AE) stem cells. (a) Original image |. (b) Result of rolling-ball ltering [}. (c)
Green circles represent initial level set contour for regin-based cell detection. (d)
Region-based cell detection output . (e) Edge-based cell detection output .. (f)
Combined output with each cell region shown in a di erent color.

structuring element with radius r. The parameterr is set roughly equal to
the average radius of cells to be detected. To apply the raily-ball Iter, the
input image is rst inverted such that the cell interior appeass brighter than
the surrounding halo. The operationl; = |  rollball(l;r) on the inverted
image! will produce an imagel} with cell regions solidi ed and highlighted.
Otsu thresholding (Otsu, 1979) is then applied off; to obtain a binary mask
A, of the cell regions.

The binary mask % constitutes a rough pre-segmentation of the image, which
enables us to obtain two histograms: a cell histogramc, and a background
histogram hg. With these histograms, a Bayesian maximura-posteriori prob-
ability (MAP) classi er can be implemented via the following test:

8

2 . ; . T -
Classify a pixell (x;y) as_ cell if he(1(Xy)) >he(l(Xy)); (1)

~ background otherwise.

To understand this, recall that a MAP classi er can be expressed vidie Bayes
rule as: arg maxp(cl (x;y)) = arg max,p(l (x;y)jc)p(c); wherec 2 f C;Bg is



the class label. The following relation holds:

p( (% Y)IC)P(C) _ he(l (Xy))=mc mc=m _ hc(l (X;y))
p(1 (5 Y)iB)p(B)  he(l(X;y))=mg meg=m  hg(l(x;y))’
wherem¢ = sum(hc) is the number of pixels in the cell regionang = sum(hg)

is the number of pixels in the background, anadn = m¢ + mg is the total
number of pixels in the image.

Instead of a direct application of Equation (1), the MAP classi & is imple-
mented via the level set method (Osher and Sethian, 1988), whigs less
sensitive to noise and yields robust segmentation. The method e elabo-
rated in Section 3.3. After level set segmentation, aa priori Ssize constraint is
imposed by removing the connected components with sizes smatlgan s,
pixels or larger than spyax pixels. The output is a binary map of segmented
cell regions .

3.2.2 Edge-Based Cell Detection

The edge-based cell detection approach aims to detect mitotand apoptotic
cells, which appear rounder and brighter than the other cellS his approach
consists of three steps. First, the Canny edge detector (Canny,88) is applied
to compute anedge mapof the image. Then, the regions that are enclosed by
edges are located and lled. The regions whose sizes fall outsithe valid
range of Bmin; Smax] (Section 3.2.1) are discarded. Then, for each remaining
region, the mean pixel intensity , in a w-pixel-wide rim of the region and the
eccentricity are computed. The eccentricity is measured by tting an ellipe
to the region using second-moment matching and computing thatio of the
distance between the foci of the ellipse and its major axis lethg Finally, the
regions with eccentricities smaller than @5 and ,> y+ | are selected as
cell regions, where y and y are respectively the mean and standard deviation
of the pixel intensities in a neighborhood of radiusy surrounding the region.
The parametersw and ry are set tow = max(1;r=3) and ry = 4r in our
implementation, wherer is de ned in Section 3.2.1. The output is a binary
map . of mitotic and apoptotic cells.

3.3 Geometric Active Contour Cell Tracker

Because cells are highly-deformable objects and may divideeo time, we
choose to represent cell boundaries using an implicit contouragel, commonly
known as thegeometric active contourmodel. In this model, the boundary of
each cell is considered as a closed conta@irin the image domain 2 R?. Its

contour is represented as the zero level line of a time-depemtl embedding

10



function [0;T]! R, where

Cty=~f(xy)2 | (xy;t)=0g;

such that (C(t);t) = 0 at any time. Evolving the embedding function
over time is an elegant method to keep track of the motion of thboundary,
including its topological changes such as splitting and mergi.

Among various approaches to evolve a geometric active contpihe most
popular one is the level set method (Osher and Sethian, 1988), which one
evolves the embedding function (or thdevel set functior) according to an
appropriate partial di erential equation (PDE). The PDE is usually derived
as the Euler-Lagrange equation:

@ _QF).
et @ ' @)

which minimizes an application-speci ¢ \energy" functiond E( ).

For cell tracking, the energy functional is constructed suchhiat its minimiza-
tion leads to the propagation of cell boundaries from framk 1 to framek.
The propagated cell boundaries should not only match the cedppearances
in frame k, but also be consistent with the cell motion pattern. The energy
consists of a weighted sum of three terms, which are derived frof):the image
region statistics Eegion); 2) the image edgesKeqqe); and 3) the prediction of
cell motion (Emotion ):

E = Eregion + WedgeEedge * Wmotion Emotion ; (3)

where Weqge 0 and wyeion O are weighting coe cients. The dependency
on is omitted in the notation for simplicity. The energy terms inplicitly
depend on , which will be further explained in Section 3.3.3.

Nk 1 is the set of cells to be propagated from fram& 1 to frame k.
Each celln 2 N ; occupies the region , , enclosed by its boundary
Cnh = f(x;¥)j(X;y) 2 @ »g. The region that is not occupied by cells is the
background, denoted by .

The region energyE ¢4ion is based on the Bayesian region-competition frame-
work (Zhu and Yuille, 1996; Cremers et al., 2007):
x ZZ
Eregion = logp( njlk(x;y))dxdy
7 x Z
Ologp( ollk(x;y))dxdy + - dl: (4)

n2N, ; ©n

It represents the joint posterior probability that each pixelin frame k belongs
to a certain propagated region ( rst two terms), subject to a pealty on the

11



total length of the region boundaries (third term). The paraneter species
the strength of the penalty.

The edge energyEcqe Mmeasures theedgenessalong the region boundaries.
It is formulated following the approach of geodesic active ntours (Caselles
et al., 1997; Goldenberg et al., 2001), which can be interpeel as the length
of a curve in a Riemannian space whose metric is induced by theage edges:

X Z
Eedge = e(Cp)dl: (5)

n2N, ; ©n

The function ¢ ) is the edgeness metric, which is ideally zero at the locatisn
of image edges, and takes on larger values elsewhere.

The motion energyE notion represents the joint probability that the cell regions
reside at the locations predicted by their respective motionlters:

X 7
E motion = + log f-’kjk 1(X;y] n)dxdy: (6)

n2Ng 1 n

Here, > 0is a size-constraint parameter, which is necessary becauseilgg £
IS non-positive everywhere, and because the contour that mmizes E otion
will enclose the entire image if = 0. In addition to providing motion context,
the distribution Py« 1(X;yj n) serves as an implicit shape prior. The de nition
of Pk 1(X;y] n) will be further discussed in Section 3.3.3.

For tracking N > 1 cells in parallel, one key issue is how to uniquely identify
each cell region using the implicit contour representation. Atraightforward
solution is to utilize N level set functions (Brox and Weickert, 2006; Mansouri
et al., 2006), each of which represents one cell. This solutjonowever, is
highly ine cient for simultaneously tracking thousands of cels. Inspired by the
approaches in (Feng et al., 2001; Shi and Karl, 2005b), we &edo represent all
regions using one level set function, and to keep track of the identities of cell
regions by evolving the region labeling function (Section 3.1) simultaneously
with the level set function . The implementation of our approach will be
detailed in the next three sections.

3.3.1 Euler-Lagrange Equations
The rst step towards tracking is to rewrite the energy terms sule that they

explicitly depend on . We introduce three auxiliary functions: the region
indicator function R,,( ), the Heaviside functionH ( ), and the one-dimensional

12



Dirac measure (), de ned as follow:

8 8
2 1if =n, 21 if 0, d

Ra( )=, H()=_ ()=de():
0 if 6 n, 0 if < O,

where < 0 applies to points inside the cell regions, and> 0 for points in
the background. The energy terms can now be rewritten as:

X 7
Eregion = Ra( )@ H( ))logp( njlk)dxdy
YAk 1 ¥ 2z
H( )logp( ojlk)dxdy + > ()ir jdxdy (7)
n2N
27 K 1
Ecdge = ( )ir jedxdy (8)
X 7
Emotion = Rn( )(1 H( ))( +|Og pkjk 1(X;Yj n))dXdy: (9)
n2Ny 1

Herein, the dependency onx;y) is omitted in the notations for simplicity.

Then, by computing the rst variation @K )=@ and by substituting it into
Equation (2), the Euler-Lagrange equation for minimizing he energy can be
obtained. The equation can be written in the following standal form:

@

@t: F ( ); whereF = I:region + WedgeFedge+ Whmotion I:motion: (10)
The speedfunctions Fiegion, Fedge, @Nd Frmotion are de ned as:
X . .
I:region = lon( n]lk)Rn( ) |ng( Ojlk)+ é (11)
N2Ny 1
Fedge:rg r=jr j+e (12)
Fmotion = (log pkjk 1(Xy] n) )Rn( ) (13)
n2Nyg 1
where
-r (14)

is the mean curvature.

3.3.2 Contour Merging Avoidance by Topology Constraints

The topological exibility of the implicit contour representation not only facil-

itates the tracking of cell divisions, but also permits the meiigg of contacting
objects. This may cause two adjacent objects in one frame to $aly merge
into one object in the next frame. In the context of cell trackng, the merging

13



of multiple cells would signify cell fusion. While cell fusion @curs in speci c
cell types (e.g. activated macrophages and osteoclasts), itesonot normally
occur for the cell types studied in this paper, nor in many othrestudies (Zim-
mer et al., 2002; Mukherjee et al., 2004; Zhang et al., 2004ang et al., 2005a,;
Zimmer and Olivo-Marin, 2005; Debeir et al., 2005; Al-Kofahet al., 2006;
Bunyak et al., 2006; Nath et al., 2006). To prevent false cell $ion, it is

important to incorporate a topological constraint that permits division but

prohibits merging.

To introduce the topological constraint, we borrow the congs of topological

numbers from digital topology (Han et al., 2003). LetNg(x;y) be the set of
8 neighbors of pixel X;y). The topological number of §&;y) with respect to

the cell region , (n > 0), denoted T,(X;y), is the number of 4-connected
components in the set , \ Ng(x;y). Similarly, the topological number of
(x;y) with respect to the background o, denoted To(X;y), is the number

of 8-connected components in the setg\ Ng(X;y). Let o(x;y) denote the

number of cell regions that overlap witiNg(x;y). Then, the relaxed topological
number (Shi and Karl, 2005b) for pixel k;y) is de ned as:

T.(X;y) =min ho(x;y);max Tn(x;y);To(x;y)i :

The boundaries of two di erent cell regions can merge only the level set
function changes sign from positive to negative at a poink(y) with T,(x;y) >
1. By detecting the points at whichT, > 1, and preventing the level set
function from changing sign at these points during the contouevolution,
merging of di erent cell regions can be e ectively prevenid

3.3.3 Fast Implementation

Traditional implementations of the level set method requireevaluating PDES
(e.g. Equation (10)) using numerical methods (e.g., nite derence), which is
computationally expensive. Among various approaches to spead the com-
putation (Cates et al., 2004; Lefohn et al., 2004; Pan et al2006), the fast
two-cycle algorithm proposed in (Shi and Karl, 2005a,b) is dsen, since it
achieves near real-time tracking speed, allows straightfoawd incorporation
of topological constraints, and is easy to implement.

The algorithm evolves a contour iteratively by operations sssimple as switch-
ing elements between two linked listsl.j, and Ly, which keep track of the
points adjacent to the contour. This approach can be viewedsaan extreme
case of the narrow-band scheme with a two-pixel bandwidth (Chp, 1993;
Sethian, 1999). For trackingN contours, N linked lists are initialized from
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the region labeling map (x;y) according to:

Lout(n) = TXj (X) = n;9x 2 Ny4(x) where (x ) 6 ng;
Lin(n) = fXx] (X) = n;9x 2 N4(x) wherex 2 Loy,(n)g; (15)

wherex  (x;y). Accordingly, the level set function is de ned as:
8
% 3; if (X;y) is an exterior pixel,
1 if (X;y) 2 Low(n), 8n,
% L if (xy) 2 Lin(n), 8n,
3

if (x;y) is an interior pixel,

(xy) = (16)

which approximates a signed distance function.

Each contour-evolution iteration is performed in two cycle: an update cycle
and aregulation cycle.

Update Cycle : The update cycle evolves the contour according to the sign
of a speed function, which approximatesF given in Equation (10) with all
curvature-dependent terms removed (i.e., the terms in (11) ande in (12)
are no longer necessary):

|‘f‘(x; Y) = |-e‘region (X; y) + Wedgeleedge(X; y) *+ Wmotion |-_Amotion (X; Y), (17)

where

8
2 Lif (xy)> 0,

|le‘region(x; y) = > (18)

1; otherwise,
Feage(Y) = (e(x+1;y) e(x Ly)( (x+1;y) (x Ly)
+>(<e(x;y+ 1) exy L)( (xy+1) (xy 1)); (19
|"Amotion (X y) = (log N (X;YjZnkjk 1) Snk 1) JRa( (X y)): (20)

n2Ng 1

The region speedfreg,iOn requires the cell candidate map (x;y) output from
the cell detector. Recall from Section 3.2 that (x;y) is computed by com
bining two approaches: region-based detection and edge-baskdection. In
region-based detection, the level set algorithm is executeding a uniform
lattice-of-circles initialization and the following speedunction:

F (xy) = he(lk(%y))  ha(l(Xy)); (21)

which implements the MAP classi er given in Equation (1). The otput seg-
mentation (X;y) is combined with the output from edge-based detection
«(X;y) by a binary OR operation to obtain (X;y).
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The edge speed’fedge is a central-di erence approximation of the rst term
of Equation (12). Inspired by (Huang et al., 2004), we de ne theedgeness
function e(x;y) to be the Euclidean distance transform of the edge map of
I«(X;y), which is produced by the Canny edge detector. This de nitin induces
fewer local minima as opposed to the gradient-based de nitiom (Caselles
et al., 1997). The edge map is also utilized for edge-based cidtection (Sec-
tion 3.2.2), hence this computation can be reused.

The function N (jz;S) in Equation (20) denotes a bivariate normal distribu-
tion with mean z and covarianceS. The vector 2,.jx 1 is the centroid position
of celln in frame k predicted by the motion lter, which will be explained fur-
ther in Section 3.4.S,« 1 is the shapematrix, computed as:

Snk 1=covi(x;y)j « 1(X;y) = ng: (22)

It can be considered as an elliptical approximation of the deshape in frame
k 1 by second-moment matching.

Regulation Cycle : The regulation cycle provides smoothness regulation to
the contour using local Gaussian Itering. This regulation has similar e ect
as the curvature-dependent terms in Equations (11) and (12but avoids the
expensive computation of the curvature. This is because thersature equals

r 2 (i.e., the Laplacian of ) when is a signed distance functionj( j = 1);
and based on the theory of heat di usion (Perona and Malik, 1990evolving

a function according to its Laplacian is equivalent to Gaussima ltering.

More detail of the implementation is provided in Appendix A wih pseudocode.
This algorithm is limited to a pixel-level accuracy unless th input image
is interpolated. A pixel-level accuracy is adequate for oustudy, since our
primary goal is to construct the cell trajectories over timerather than to
delineate the cell boundaries at a sub-pixel precision.

3.4 Interacting Multiple Models Motion Filter

A motion lter is the fundamental building block of many tracking systems (Ris-
tic et al., 2004). It provides recursive estimations of the tayet states (such as
position, speed, and acceleration) based on noisy measurementssdatial to
any motion lter is a motion model that describes the target dypamics, and a
measurement model that relates states to measurements. Tradiial motion
lters, such as the Kalman Iter (Kalman, 1960) and the standard particle
Iter (Gordon et al., 1993), are bound to use only one motion mael, which is
inadequate for tracking biological cells because cell dynams vary frequently
with time. The interacting multiple models (IMM) Iter (Blo m, 1984), instead,
is capable of incorporating multiple motion models in parél, and it has been
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shown to be well suited for biological object tracking (Genosgéo et al., 2006).

Cell motions are assumed to consist of a nite number of modes. Eanibde
can be described by a linear model with additive Gaussian noisehd motion
models and the measurement model are de ned as:

Fisc 1+V, ; i2f12;Mg
Hsy + wy:

Motion models: s,
Measurement model:z,

Here, s, is the state vector of a cell in framek, which consists of the centroid
position, velocity, and acceleration of the cell, i.esc  (Xi; Xk} Xk; Yic; Vi Vi)
Note that the \prime" sign (') denotes vector or matrix transpostion. The cor-
responding measurement vectar,  (Xy; Yi)° contains the measured centroid
position. F' is the state transition matrix of modeli, and H is the measure-
ment matrix that relates states to measurementss} , and w are the process
and measurement noise vectors, which are uncorrelated zeroameGaussian
processes with covariance®' and R, respectively.

The IMM lter operates M Kalman Iters in parallel, each of which is matched
to a distinct motion model. It assumes that the transition betwee models is
regulated by a nite-state Markov chain, with probability p; of switching
from modeli to modelj in successive frames. However, rather than making
hard commitments to any single model, it maintains a weightig among the
models, which is determined as the probability of each modekilmg correct
given the current measurement. Hence, the optimal state estinetat any
time instant is a mixture of Gaussian distributions. Each mixturecomponent
is the estimate from a Kalman Iter, weighted by the posterior pobability of
the corresponding motion model. This leads to a mixture with>g@onentially
growing number of components in time because of the branchimg model
switching hypotheses. To avoid the combinatorial explosion anthake the
computation tractable, the IMM Iter approximates the mixt ure of Gaussians
with a single Gaussian with equal mean and covariances.

The ltering recursion consists of two stagesprediction and correction. The
prediction stage predicts the state, , at time k based on the state history
up to time k 1; the correction stage generates a re ned estimatg by
incorporating the newly-arrived measurement,. The mechanisms of the two
stages are detailed below.

Prediction : Starting from M weights | ,, statesd, ; and covariances | ;

from the previous iteration, the mixed initial condition is computed:
) X L
8 ;= © 18 1 (23)

i

, X . . . . 0

0 — 0 0j .

kJ 1~ :<” 1 :( 1+ é:( 1 gkJ 1 :( 1 skJ 1 ’ (24)
i
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where ;= Py | 1=y poand gy 1= Py 1 These are input toM

Kalman lters to compute the state prediction %k , and covariance 1;, ;:

Sjkjk 1 Fjéﬁj 1 (25)
kak =B (P + Qi (26)
The combined state and covariance predictions can be deterred by:
X _
Sk 1= _ kak 1§kjk 1 (27)
X . h 4 4 d
Kk 15 1 ok 1T (B 1 Sk D8 1 Sk 1) (28)

J

The predicted centroid positionsz,jx 1 = H% 1 of all cells are fed to the
cell tracker to guide the level set evolution in framd (see Section 3.3.3).

Correction : Given the predicted states, covariances, and measuremeny,
the Kalman lters are used to obtain the updated state8, and covariance .

8 =8y 1+ Ki(@ HE 0 (29)
Nj

. A
k= kik 1 KL H kak 1 (30)

whereK} = 1 ;HYH 1, ;H°+ R) is the Kalman gain. The likelihood
that model j is activated in framek is

K = exp E(VL)O(SL) Vi = 2 det(S)); (31)

whereyl = (zx 2% 1) is the innovation of Kalman lter j, and S| is
the associated covariance. Then, the combined stafg and covariance
estimates can be computed by Equations (27) and (28), with.k , replaced

= i i i i
by | = kik 1 k=i ko1 k)

To initialize the IMM lter, the system tracks each cell without motion Iter-

ing in the rst three frames in which it appears. The measured cketentroid
positions in these frames are used to initialize the cell stag. The initial
model weights | are set to equal £M (i 2 f 1;::;; M g), indicating the initial
complete uncertainty as to which model is more correct. Theethitions of the
remaining lter parameters will be discussed in sections 3.4.7hd 3.4.2.

3.4.1 Motion Models
To adapt the IMM lter for cell tracking, cell motion models need to be de ned

by specifying the system matrices=' and H. Inspired by (Genovesio et al.,
2006), we de ne four motion modelsNI = 4): random walk (RW), constant
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Fig. 4. Block diagram of the TPM-adaptive IMM Iter framework for two models.

velocity (CV), constant acceleration (CA), and constant-speedircular turn

(CT). They represent four typical modes of cellular motion: Bownian mo-
tion, constant-velocity migration, constant-accelerationmigration, and turn-

ing. Compared to the approach of Genovesiet al, the circular turn model is
a novel addition, since the amnion epithelial stem cells that evexperimented
with perform an interesting turning motion. Moreover, instea of interpreting

the motion models as the extrapolation of cell positions (Gewesio et al.,
2006), we explicitly incorporate velocity and acceleratocomponents into the
state vector, and derive the models based on state-space di etiah equa-
tions. The state-transition matrices corresponding to the RW, &, CA and

CT models are, respectively:

2 3 2 3 2 3
10000 17,000 1Ts 00 0
00000 01000 01T.00 0
-1_f00000¢ , B00000¢ _, £00 100
000104 0001T, 07 00 01T, %
00000 00001 00001T,
000000 000000 00000 1
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1 sin( Ts) 1 cosg kTs) 0 0 0
k k

0 cos(,Ts) Ml 0 0 0

4o 0 ksin( Ts) cos(Ts) O 0 0
k — 0 0 0 1 SinCTs) 1 cosg kTs)

k k
0 0 0 0 cos(Ty) el
0 0 0 0 gsin( ¢Ts) cos(kTs)

whereTs is the time between the measurements (i.e., the frame intetyaThe
subscript k in the coordinated turn transition matrix F{ indicates that it is
time varying. It depends on the angular turning rate k,qwhich cap be com-
puted from the velocity and acceleration vectors asc = X2 + y2= X2 + y2.
We refer the reader to (Zarchan and Muso , 2005; Herman, 2002)rfdetailed
derivations of the state-transition matrices. The proposed main models share
a common measurement matrix:

2 3
gl0000Q

000100

3.4.2 Parameter Estimation and Adaptation for IMM

With the system matrices de ned, the noise covariance®', R, and the initial
error covariance matrix |} can be estimated from training sequences using
the expectation-maximization (EM) algorithm (Bishop, 2007. The details of
the EM-IMM parameter estimation procedure are presented in Apndix B.
While EM also permits the estimation ofF' and H, the resulting matrices may
be in arbitrary forms and are di cult to interpret. With the p rede ned system
matrices, we gain additional insight into the typical motion m@tterns of each
cell. Namely, we can identify if the cell motion is predominatd by Brownian
motion, constant-velocity migration, accelerating migrabn, or turning motion
based on the corresponding model weight$ computed by the IMM lter.

One important parameter yet to be speci ed is the Markovian mdel transition
probabilities p; . By convention, p; can be arranged in arM M transition
probability matrix (TPM) P, with p; denoting thei-th row of P. Tradition-
ally, the TPM is almost always treated as a xed design parametechosen
empirically. For many biological applications, howevera priori information
about the TPM may be inadequate or lacking. Cellular motion euld vary con-
siderably or become unpredictable due to changes of experinta procedures,
extracellular environments, cell densities, and/or cell type Moreover, impos-
ing an empirical TPM would contradict the very goal of biologcal discovery,
i.e., to discoverunknown cell behavioral variations.
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With the above considerations, we chose to perform online minim mean-
square error estimation of the TPM. Various algorithms exist foour purpose,
and we adopt thequasi-Bayesianalgorithm (Jilkov and Li, 2004), which is
simple to implement, numerically stable, and requires negllge computational
overhead. The quasi-Bayesian estimation assumes that each ovof the TPM
follows aDirichlet prior distribution. The Dirichlet distribution is de ned by:

P o (A +aw) Voo
p(Pijai;:::am ) = (o) (aam),-zlp” , (32)

with hyperparametersg; b 0. The Dirichlet distribution naturally satis es the
unit simplex requirement J-'V':l p; =landp; 2 [0;1], foralli. The parameters
a; represent the unnormalizec priori TPM. If they are chosen asg;; = =
aw = 1 for any i, the corresponding Dirichlet distribution of p; coincides
with the uniform distribution. Therefore, if a priori knowledge about the
TPM is unavailable, the quasi-Bayesian estimator can naturatlbe initialized
with the noninformative (uniform) prior p; = 1=M using parametersy; = 1

Algorithm 1 : Quasi-Bayesian TPM Estimation
Input : A hyperparameter matrix Ao with entries a0 0,1;j] =1;:::;M.
initialize

end
for kK 1;2;:::do
for i 1;:::;:M do
for | 1:::;M do
Gjx =1+ ——5-— P 1 W
where | Lo Myand Lo MO
Ak = Ak 1+ (A 1G5k )= jM:]_ Ak 10k )
Bik = ajx (K + a;0)

The quasi-Bayesian algorithm proceeds as follows. Upon recaeiyithe rst
measurementz,, a posterior probability p(pijz,) can be obtained based on the
Dirichlet prior p(p;) for each modeli, which is a weighted sum oM Dirichlet
distributions. The posteriors over the subsequent measurementslivibe mix-
tures of exponentially more Dirichlet distributions. The qua&i-Bayesian ap-
proach utilizes a similar approximation as in IMM to obtain aquasi-posterior
distribution. At each time step, it approximates the posteriormixture of M
Dirichlet distributions by a single Dirichlet distribution, t hen computes the
guasi-posterior estimationp; as the mean of this approximated distribution.
This process is elaborated in (Jilkov and Li, 2004; Smith and &kov, 1978),
and can be summarized as a recursive algorithm (Algorithm 1). Ehquasi-
Bayesian algorithm integrates seamlessly with IMM, enabling u® update
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the TPM after the correction step in each ltering cycle (see Sgion 3.4). A
diagram of the TPM-adaptive IMM Iter with two models is given in Fig. 4.

3.5 Track Compilation

The track compiler coordinates the cell detector, cell traer and motion Iter
to produce track segments. We ushl ¢ to denote the set of labels of all track
segments created up to framé. A track segment isactive in frame k if it
was successfully tracked in framk 1, otherwise it becomesnactive. Let
denote the background region, and , denote the cell region with labeh. An
outline of the track compilation algorithm is shown in Algorithm 2.

Algorithm 2 : Track Compilation

o f (xy)i"k(xy)=0g

foreach cell candidate! x do

| if ! o then AddTrack(npew;K;!)

foreach active trackn 2 Ny ; do

n F o6y k(xy) = ng
if ,=7? then DeactivateTrack(n)
else if IsDivided( ) then
if IsMitotic (n; k) then
foreach connected component n do
| AddDaughterTrack(Ngaughter ; N; K; 1)

else

r SelectBestMatclin; k; )

UpdateTrack(n; k; ")

| foreach connected component n NN do AddTrack(Npew; K;!)

| else UpdateTrack(n; k; n)

The compiler rst compares the output of the cell detector andcell tracker,
«(x:y) and “«(x;y). Each cell candidate in «(x;y) that does not overlap

with any propagated cell region in"(x;y) is considered anew cell. A new

track segment will be initialized, and “(x;y) will be updated accordingly.

Next, the algorithm scans through all active track segments, andeactivates
track segments whose labels are not found in the propagated i@y labeling
" (x;y). A track segment whose corresponding propagated cell regiamtains
only one connected component will be updated directly. If aedl region consists
of more than one connected components separated by a minimunstence
dmin , the track compiler will judge between two possibilities: 1) th cell divided
into daughter cells; or 2) one or more of these components arerfr occluded
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cells or close-by newly-entered cells. The algorithm will éiér create daughter
tracks or continue tracking using the component that best mates the cell
trajectory, depending on whether the cell is previously det¢ed to be mitotic.

Details of several key operations are as follow.

AddTrack(!; n new; k) creates a new track segment labeleal,,,; lls region !
with nnew; and initializes the cell state based on measurements lof

UpdateTrack n; k;! ) updates the track segment using the features of region
I', including the centroid location, mean intensity, area, aneccentricity. The
centroid and the mean intensity are fed to the motion lIter to ddtain a Itered
state of celln in frame k. The last three features are used to classify a cell as
normal, mitotic, or apoptotic, using three-nearest-neightito(3NN) matching
with the Mahalanobis distance to a set of training samples obtaed o -line.

AddDaughterTracKngaugneer ; N; K; !) creates a daughter track of celh with a
unique label Ngaygheer » and lIs the region ! with Ngaygneer - The state of the
daughter cell will be computed based on the measured centroichtion and
mean intensity of! , and the predicted state of celh.

SelectBestMatcln; k; ) selects component 72 |, that best matches the
dynamics of celln, i.e., the one which maximizes the innovation likelihood
given by Equation (31) among all dynamic models.

IsDivided( ,) returns true if region , has multiple connected components
and the minimum distance between any two points in di erent components is
greater than a preset thresholdl,, ; otherwise, it returnsfalse .

IsMitotic (n; k) returns true if cell n is classi ed as mitotic during the pastT
frames using the approach described idpdateTrack above.

The parametersd,,i, and T involved in the algorithm need to be adjusted for
speci ¢ datasets. Their values will be provided in Section 4.2.

3.6 Track Linking

The track linker module provides the global view. It oversed$e entire track-
ing history, and it detects potential problems among all trak segments up to
frame k based on two physical constraints: 1) a cell does not vanish unless
it leaves the eld-of-view, dies and is released into the meaior is occluded;
and 2) a cell does not appear unless it enters from outside, dles from an-
other cell, or comes out of occlusion. The linker attempts toocrect violations

of these constraints by linking track segments into complete kerajectories,
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utilizing spatiotemporal context.

The track linking procedure is outlined in Algorithm 3. Here,N ot f nyjl =
1;::;; Lg denotes the label set of track segments that end before frarkeand
Nwund f ngjf =1;:::; Fg denotes the label set of track segments that start
after the rst frame. Most operations in the algorithm are selfexplanatory.
One vital step is the matching between lost and appearing trackegments:
MatchTracks (Line 4).

Algorithm 3 : Track Linking

N jost; N found ?

foreach track n 2 N do

if LostinField(n; k) then Add n to N g

| else if FoundInField(n; k) then Add n to N oung
MatchTracks(N jost; N found)

foreach n; 2 N, dO

if IsMatchedn;;ns 2 Nyoung) then

| LinkTracks(n; ny)

else if IsMatchedny; ns,;N¢, 2 Ntoung) then
| LinkTracks(n; ng,; ne,)

foreach track n 2 N do
| if IsShort(n; k) then DeleteTrack(n)

In MatchTracks a bipartite graph G is created, whose nodes correspond to
the labels in N, and Nyoung. FOr each node pair §;ns), an arc my;n¢i is
created between node, and nodens if the last centroid location (X;; y;; ki) of
track n, is within a spatiotemporal double cone centered at the rst cemid
location (X¢ ;s ; ki) of track ng, i.e.,

q
(X1 x)2+(yr ¥1)? j ki kijR+ Ro; and

jki kij D=2
whereD, R and Ry are user-de ned parameters. Each arm; n;i is assigned a
weightwy = T (ny), which is the maximum innovation likelihood of track

n, on the measurement of trackn; in frame ki (Equation (31)). Intuitively,
w;; indicates how likely track segmenin; is a continuation of track segment
n, based on the dynamics of track,.

Next, a maximume-likelihood matching is computed between tigks n; and ns .
The approach we reported previously (Li et al., 2007) only ceidered one-to-
one matches. Hence, it could not handle the case where a cell ist Iduring
mitosis, and whose daughter cells are re-detected in later frasy To handle
this case, we improved the algorithm to consider both one-taie and one-to-
two matches. The algorithm relies on two inputs: arH (L + F) constraint
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matrix C and anH 1 likelihood vectord. Here, H is the total number of
one-to-one and one-to-two matching hypotheset. and F are, respectively,
the numbers of track segments itN s and Nung. Matrix C and vectord are
constructed as follows:

For each archn;;n¢i in G, a new row is appended taC and a corresponding
new element tod. Let h be the index of this new row. We setl(h) = wj , and

8
21 ifi=lori=L+f,
C(h;i)=
~ 0; otherwise

For each noden, that is connected to multiple nodesns,; N¢,. 2 Niound
(m  2), all possible one-to-two matchings are enumerated, e.g;,!  (n¢,; N¢,),
n; ! (n¢,;n¢,), and so on. For each of these hypotheses, say! (n¢,;ns,), a
new row with index h®to C and a corresponding new element is appended to
d. The value ofd(h9 is set to be themaximum innovation likelihood of track

n, for the spatiotemporal mean of the starting points of tracks;, and ng,,
with the constraint

8

L ifi=l,i=L+fori=L+f,
c(h%i) = ! ?

“ 0; otherwise

With C andd constructed, the matching problem reduces to selecting a subset
of rows of C such that the sum of corresponding elements ith is maximized,
under the constraint that no two rows share common nonzero emngs. This
can be posed as the following integer programming problem:

mxaxd‘k; such that C% 1; (33)

wherelisaH 1 vector of onesx isaH 1 binary vector to be solved for,
with x(h) = 1 if row h is selected in the solution, ox(h) = O otherwise. While
integer programming problems are in general NP-hard, the potem given in
Equation (33) can be solved exactly using linear programmin@his is due to
the fact that the constraint matrix C is totally unimodular 2, and the right-
hand sides of the constraints are all integers. In fact, if the alve two conditions
are satis ed, a linear programming problem will always have aimteger-valued
solution (Papadimitriou and Steiglitz, 1998). In our implenentation, the open-
source software packag#psolve (Berkelaar et al., 2007) is used to solve the
above integer programming problem. A similar optimization pproach was
used by Al-Kofahi et al (Al-Kofahi et al., 2006) for inter-frame cell matching.

2 A matrix is totally unimodular if the determinant of any squa re submatrix takes
one of the values inf-1, 0, 1g.
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As an optional step after the completion of the track linking pocedure, all
cell trajectories that terminate in the eld-of-view with Iengthes shorter than
a preset threshold will be regarded as noise and removed (Line 7)

4 Experimental Methods

The tracking system is implemented in ISO C++. The inputs to thesystem
are gray-scale image sequences generated by the imaging soév@2ED Image
(Media Cybernetics Inc.). Unprocessed microscopy images aréeafdistorted
by spatial illumination inhomogeneity. The distortion is espeially severe when
low-magni cation objectives are used. To normalize illumiation, a at- eld
correction lter is applied to the input images. This Iter di vides each input
frame by a preacquired light eld image, and then it scales theutput pixel
values to a xed range. In our experiments, a light eld images unavailable.
Therefore, a pseudo light eld is generated for each sequence dpplying a
Gaussian Iter with standard deviation of 50 to the rst frame.

4.1 Data

The performance of our system is quantitatively evaluated onight phase-
contrast microscopy image sequences. They are categorized itlicee data
sets (A, B and C) according to the cell type, imaging protocol and cell seedin
method.

Dataset A includes two image sequences of MG-63 human osteosarcoma cells
acquired with a 12-bit Qimaging Retiga EXi Fast 1394 CCD camermounted

on a Zeiss Axiovert 135 TV microscope, at a time-lapse interval df minutes

for 10 hours. Each sequence consists of 150 frames, with a frameeatision

of 1280 1024 pixels, and a resolution of 1.9m/pixel at 4.9x magni cation.

The cells are seeded randomly on a polystyrene dish. The images eropped

to a size of 512 512 pixels (Fig. 1(a)) to speed up processing and evaluation.
The cell populations in the cropped sequences are in the rangfe80-110 cells
per frame. An independent sequence of the same cell type wasipét for
training.

Dataset B includes four image sequences of proprietary amnion epitia|
(AE) stem cells (Fig. 1(b)), acquired using the same imaging protol as
Dataset A, except that the acquisition rate is one frame per 10 mutes.
The AE cells are extracted from the placenta following live bih, and are
potentially a noncontroversial source of stem cells for cellansplantation and
regenerative medicine (Miki et al., 2005). The sequences weacquired over
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a duration of 42.5 hours, each consisting of 256 frames with 128024 pix-
els/frame. The cell population density in each sequence is rdug 2000-5000
cells per frame, and is nearly con uent towards the end of theequence. An
independent sequence of the same cell type was utilized foritriag.

Dataset C includes one sequence of MG-63 cells (Fig. 1(c)) recorded by&
bit CCD camera on a Zeiss IM35 microscope. The sequence lasts fdbhours
and has a frame interval of 15 minutes, corresponding to 174 in@s/sequence.
The frame dimension is 512512 pixels with a resolution of 3.9 m/pixel at
5:1 magni cation. The cells are seeded randomly on a brin-aed slide, on
which a 0.75 0.75 mn? uniformly-concentrated square pattern of FGF-2 was
created using our bioprinter (Weiss et al., 2005). The cell paogation in the
sequence is in the range of 350-750 cells per frame. The rst 48mes of the
sequence are reserved for training, the rest is used for testing.

In addition to the above datasets, 35 sequences of AE cells werdized to
gualitatively assess the tracking performance of the system.

4.2 Parameters

Many parameters involved in our system can be learned automedilly from
training data. These trainable parameters include the pross noise covariances

covariance § (i = 1;:::;4), and the model transition probability matrix
(TPM) P, all of which are required by the IMM motion Iter. For each daaset,
the parameters are learned using a set of manually tracked cathjectories.
The training set include 71 trajectories from dataset A, 101 tri@ctories from
dataset B, and 232 trajectories from dataset C.

The training procedure alternates between two steps. FirsQ', R, and | are
trained using the EM-IMM algorithm (Appendix B) with an initia | TPM Py.
This TPM has diagonal entriesp;. o = 0:85 and o -diagonal entriesp;; o = 0:05,
(i 8 j), which encodes the assumption that a cell tends to stay in a mot
mode rather than to switch to the other modes in successive time pte It
is chosen instead of a uniform (uninformative) initializatio as suggested in
Section 3.4.2 because it leads to better capability of modelanti cation and
faster convergence of the parameters. Then, on@, R, and | are learned,
the TPM is re-estimated using the Quasi-Bayesian algorithm (Algghm 1)
with the hyperparameter matrix A o set to equal the previous®. The procedure
iterates until the TPM converges.

The above procedure converges to a near identical TPM for alatasets, which

27



approximately equals:

0:0072 09834 00037 0005
0:0272 00281 09156 0029
0:0276 00296 00279 0914

3
0:9793 00074 00064 0007
(34)
8

In addition to the tendency for cells to stay unchanged in a matn mode, the
TPM indicates that the random walk and constant-velocity motons are more
persistent, whereas the acceleration and turning motions arelatively tran-
sient. It is used to initialize the hyperparameter matrixA o in the subsequent
experiments. In contrast to the TPM, the learned values o', R, and |}
vary between di erent datasets. Their speci ¢ values are lessfiormative than
the TPM, and are omitted here.

The settings of the additional parameters are summarized in Bée 1. These
parameters can be intuitively determined based on direct olbsa@tion. For ex-
ample, the cell detector parameter is set to roughly equal to the average cell
radius. The size constraintss,, and smax l00sely correspond to the expected
cell size range. The cell tracker parametem®egge, Wmotion,» and — are deter-
mined empirically, and they are mostly held constant for di eent datasets.
The parameterT is related to the maximum duration of mitosis events. The
track linker parametersD, R, and R, are constrained by the maximum cell
migration speed.

Table 1
Summary of parameter settings for each dataset.

Dataset ' Smin  Smax Wedge Wmotion dmin T D R Rp

10 16 4000 0.1 0.1 0.001 10 10 10 S5 10
B 5 5 2500 0.1 0.2 0001 8 10 10 5 20
4 4 1000 0.1 0.1 0.001 3 5 6 3 5

4.3 Cell Detection Accuracy Assessment

To quantitatively evaluate cell detection accuracy, the agroid positions of
all visible cells in 5 randomly selected images in each datase¢r& manually
identi ed using an interactive program. The human operatorscan navigate
through contextual frames to better identify overlapping ells, and to distin-
guish cells from background and other objects (e.g., glass qusaair bubbles,
etc.) that may exist in the eld.
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The detection accuracy is gauged using two metrics: pyecision, which is the
ratio of the number of detected cells to the total number of dected objects,
and 2) recall (a.k.a. sensitivity), which is the ratio of the number of detected
cells to the total number of cells actually in the image, visuly determined by
the human observer. In terms otrue positives (TPs), false positives(FPs),
true negatives(TNs) and false negativegFNs), the metrics can be computed
as: precision=TPHTP + FP) and recall=TPHTP + FN).

4.4 Cell Tracking Accuracy Assessment

The image sequences used for cell tracking accuracy assessmerg selected
to be feasible for manual tracking. Only the cells that appeain the initial
frame of each sequence and their progeny were manually tragkdhe man-
ual tracking results were obtained after weeks of expert sciny, and gained
consensus among multiple observers. The manually and automaitiy tracked
trajectories (branches) were paired in the initial frame ofach sequence, and
they were compared in the remaining frames. An automaticallyracked cell
trajectory is consideredvalid only if it follows the same cell through all the
frames that the cell appears. Any swapping of identities betwaeéwo nearby
cells will invalidate the trajectories of both cells and th& progeny.

The sequences in datasets B and C contain hundreds to thousandgells per
frame, making it unrealistic to manually track all cells in the entire sequences.
To make quantitative validations feasible, a 256 256-pixel region of interest
(ROI) is de ned in each image sequence of dataset B, and a 19P92-pixel
ROl in dataset C. The automated tracking results are manually>amined only
within the ROI volume. In addition to the tracking validity d e ned previously,
the ratio of cell divisions that were correctly tracked by thetracking system
was also evaluated. This ratio is referred to as thdivision tracking ratio. A
division is considered to be correctly tracked if the daughterells are correctly
located and the cell lineage is successfully established.

5 Results

5.1 Tracking Examples

Before presenting quantitative results, we provide several elgmative exam-
ples to demonstrate the key features of our system.

Fig. 5 demonstrates that the topology-constrained level set nae ectively
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Fig. 5. Tracking contacting and partially overlapping AE cells. The numbers at the
top-left corner are the frame indices. Cells 12, 15 and 18 aregptially overlapping
in frames 151-152. Cells 15 and 12 are closely passing eacheatlin frames 162-167.

prevent merging of closely contacting cells and maintain deldentities. In
addition, cells (e.g., cell 25) are automatically initialted when they enter, and
they (e.g. cells 16 and 20) are removed when they exit the elof view. This
example is cropped from one of the sequences in dataset B.

Fig. 6. Tracking mitotic and apoptotic MG-63 cells. Left : Six frames with cell
boundaries and centroids overlaid. Question marks indicat cells in intermediate
stages (either mitotic or apoptotic). For daughter cells, the label of their parent
is shown.Right : A spatiotemporal plot of the corresponding cell trajectories. The
tick marks on the bounding box indicate the time instants of the six frames shown
in the left panel, and the triangle indicates frame 61.

Fig. 6 shows an example of tracking mitotic and apoptotic call The images
are taken from dataset C. Since the appearances of mitotic arapoptotic
cells are almost identical during a certain period (frames 62nd 63), they
can only be distinguished with su cient temporal information (frames 64{
68). This example illustrates that our tracking system can e etively detect
mitoses and apoptoses, and distinguish between them by using thenjgoral
context.

To illustrate the operation of the IMM lter (Section 3.4) and demonstrate
its superiority to Kalman Iter, an arti cial example was devised as shown in
Fig. 7. To re ect realistic cell motion and to serve as the grout truth, the
trajectory of a cell in one of the sequences in dataset B was matiy tracked.
Gaussian noise of covariance R5s added to the trajectory to simulate the
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measured cell positions during tracking, wheré is a 2 2 identity matrix.
The IMM Iter with the four motion models described in Section3.4.1, as well
as a standard Kalman Iter using only the constant-velocity (CV) model, is
then executed to estimate the cell trajectory based on the noisgeasurements.
Both lters utilized equivalent parameter settings.

As shown in Fig. 7(a), the trajectory estimated by the Kalman Iter (green
curve) diverges from the true trajectory (black dashed curyeat the arrow-
indicated positions, indicating that the CV model is no longeradequate to
represent the turning motion at these locations. In comparisonhe trajectory
estimated by the IMM lter stays close to the ground truth, and exibits
appreciably smaller deviation from the true trajectory.

To provide additional insights into the IMM lter, we plotted the model
weights | (j = 1;:::;4) (Fig. 7(c)) and the turn rate  (Fig. 7(d)) esti-
mated by the lIter during its operation. As shown in these plots, he major
turning points of the trajectory are indicated by peaks in tle estimated turn
rates, with higher peaks indicating tighter turns. An interestng exception is
at the location indicated by triangle 3, where a near 180turn is spotted in
the trajectory, but the corresponding peak in the turn rate igelatively small.
By examining the ground truth, we found that the cell stopped athe afore-
mentioned location for a short period (approx. 20 minutes) befe heading
toward a di erent direction, resulting in a smaller turn rate. The stopping
motion is captured by an increase in the random-walk model vg#it at the
corresponding location in Fig. 7 (c).
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Fig. 7. IMM lter versus Kalman Iter. Black dashed curves in (a) and (b) represent
the true trajectory of a cell. Gray dotted curves show the noby trajectories after
superimposing additive Gaussian noise. Solid green curvese the estimated trajec-
tories by the Kalman and IMM lers using the noisy trajectori es as measurements.

estimated by the IMM lter during its operation. Colored tri angles in (b) and (d)
indicate major turning points of the trajectory.
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Fig. 8. Example of spatiotemporal track linking. Top : Track segments output by
the track compiler. Bottom : Completed cell trajectories after track linking. The
numbers in the parentheses indicate cell generations.

The e ect of spatiotemporal track linking is illustrated in Fig. 8. The top
row of the gure shows the track segments, which are intermediatoutputs
of the track compiler. As shown, the trajectory of cell 1 and itslaughters are
broken in to multiple segments due to abrupt jumping motions fothe cells.
The bottom row shows the result after track linking, where thedentities of
the daughter cells and their lineage with cell 1 were succes$fulecovered.

With the incorporation of IMM motion Iter and spatiotempora | track linking
(Section 3.6), our system achieves superior robustness in handlvarying cell
motions and long-term occlusions. Fig. 9 shows a 2@0-pixel portion of the
tracking result for a sequence in dataset B. In this example, ¢&l16 is occluded
by cell 47 in frame 36 and reappeared in frame 46. With a standhKalman
motion lter and no spatiotemporal linking, the system (top row) switched the
identities of cells 47 and 116 in frame 16, detected a false osts in frame 36,
and eventually lost cell 47 after frame 36. By replacing the Kiaan lter with
an IMM lter, the system correctly maintained the identities of cell 47 and
116, but it still lost track of cell 116 due to occlusion (middle aw). Finally,
by incorporating spatiotemporal optimization, the system caectly recovered
the trajectory of cell 116 after occlusion (bottom row).

5.2 Detection and Tracking Accuracy

The selected experimental datasets represent high and varyintgnsities of
cell populations as well as a variety of complex cell behavs which pose
signi cant challenges for the tracking system. For example, #hcell populations
in datasets B and C are nearly con uent towards the end of each ggence,
with densities as high as approximately 30 cells per 1Dixels. In addition,
while the typical diameter of AE stem cells in the experimentamage sequence
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Fig. 9. Tracking AE cells through occlusion. Cell 116 was cormpletely occluded by cell
47 from frame 35 to 45 and reappeared in frame 46. The numberd ¢he top-right
corner are frame indices. The trailing curves represent ckltrajectories. Di erent
colors represent di erent cell lineages.Top : With standard Kalman motion lter
and no spatiotemporal track linking, the system switched the identities of cell 116
and cell 47 and loses track of cell 116 eventuallyMiddle : By replacing the Kalman
Iter with an IMM lter, the system correctly maintained the identities of cells 47
and 116. Bottom : By incorporating both IMM motion Iter and spatiotemporal
track linking, the system successfully tracked all cells.

is around 5-12 pixels, some cells migrate more than 20 pixeldveeen frames,
which is a distance much larger than the cell diameter. The awke contour
tracker alone is insu cient to handle such large displacementdMoreover, some
of the cells were frequently occluded in some frames and reegesl in other
frames. Under these challenging conditions, our system achieveghdetection
and tracking accuracy as summarized in Table 2 and Table 3, resgively.

Table 2
Summary of cell detection accuracy for all datasets.

Dataset Cell Count Detected FP FN Precision (%) Recall (%)

673 662 9 20 98.6 97.0

B 9879 9987 271 163 97.3 98.4
2126 2107 44 63 97.9 97.0
Overall 12678 12756 324 246 97.5 98.1
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Fig. 10. Visualization of the tracking result of AE cells. Left : Spatiotemporal visual-
ization of cell trajectories. Right : One of the selected regions used for quantitative
validation with cell trajectories overlaid. Yellow rectan gles indicate occurrences of
mitosis in the past T = 10 frames.

The rst column of Table 3 summarizes the tracking performancef our system
with a standard Kalman motion lter and a constant-velocity mation model.
The second column shows the performance with an adaptive IMM ten Iter
and four motion models as described in Section 3.4.1. The ttlicolumn shows
the performance after the incorporation of spatiotemporalrack linking. As
the statistics suggests, the incorporation of spatiotemporal tk linking leads
to signi cant performance boosts (as much as a 12% di erencepmpared to
the Kalman lIter-based system. In comparison, the IMM lIter provides rel-
ative small performance improvements. However, the IMM lter stl always
outperforms the Kalman Iter, and helps to resolve certain chllenging track-
ing scenarios. One example is shown in Fig. 9. With the incorpdian of IMM
Iter and spatiotemporal track linking, our system achieved oerall tracking
validity of 92.5% for dataset A, 86.9% for dataset B, and 90.9%/fdataset C.
It achieved overall division tracking ratios of 100% for datset A, 86.3% for
dataset B, and 88.1% for dataset C.

A visualization of the automatically tracked trajectories & more than 4000
AE stem cells across 256 frames is provided in Figure 10, and a wakzation
of the tracking result for MG-63 cells is shown in Figure 11.

5.3 Lineage Construction

One application of the tracking system is to automatically reenstruct cell
lineage maps, which is especially important for stem cell resehr In addition
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Table 3
Summary of tracking validity and division tracking accuracy of the automated track-
ing results as compared with manual tracking.

Tracking Validity

Sequences Kalman IMM IMM + Track Linking
Al 70/81 (86.4%) | 72/181 (88.9%)| 75/81 (92.6%)
A2 82/93 (88.2%) | 82/93 (88.2%) | 86/93 (92.5%)
B1 70/92 (76.1%)| 73/92 (79.3%)| 81/92 (88.0%)

B2 90/117 (76.9%)| 94/117 (80.3%)| 101/117  (86.3%)
B3 81/104 (77.8%)| 83/104 (79.8%)| 91/104  (87.5%)
B4 80/108 (74.1%)| 84/108 (77.8%)| 93/108  (86.1%)
c1 98/121 (81.0%)| 102/121 (84.3%)| 110/121  (90.9%)

Division Tracking Ratio

Sequences Kalman IMM IMM + Track Linking
Al 1/1  (100%) /1 (100%) | 1/1 (100%)
A2 0/0 (N/A) 0/0 (N/A) 0/0 (N/A)
B1 43/55 (78.2%) | 43/55 (78.2%) | 47/55 (85.5%)
B2 41/52 (78.8%) | 42/52  (80.8%) | 45/52 (86.5%)
B3 36/48 (75.0%) | 37/48 (77.1%)| 41/48 (85.4%)
B4 44/57 (77.2%) | 47/57 (82.5%) | 50/57 (87.7%)
C1 32/42 (76.2%)| 33/42  (78.6%) | 37/42 (88.1%)

to revealing the mother-daughter relations between cells,etrics such as sym-
metry and division times can also be derived from lineage mapsyrBmetry,
which is de ned as the mitotic fraction, is a measure of the cability of a
stem cell to divide and produce daughter cells that are esserilyaidentical to
the mother, thus representing self-renewal (Deasy and Huard,@@). And, the
division time, which is de ned as the lapsed time between cytahketic events,
is a key parameter in determining the expansion rate of stem tplbpulations.
For example, these metrics can be used in predictive models adrstcell popu-
lation growth during cell culture expansions (Deasy and Huard®002), as well
as the design and optimization of subculturing strategies.

We utilized the system to construct the lineage maps for the emé populations

of AE stem cells in dataset B and of MG-63 cells in dataset C. Our syste
correctly constructed 62.4% of the lineage trees for AE stem Isebnd 68.3%
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Fig. 11. Automatically-tracked MG-63 cell trajectories. The yellow and blue dashed
lines indicate the location of the printed growth-factor pattern. Red ellipses indicate
cell division. Cyan squares indicate dead cells. Yellow squres indicate mitotic or
apoptotic cells. Cells inherit the colors of their farthestancestors. (a) A sample frame
with cell centroids overlaid. (b) Magni ed view of the highl ighted region in (a) with
automatically tracked cell trajectories overlaid. (c) and (d) 2-D and spatiotemporal
rendering of the automatically tracked cell trajectories.

for MG-63 cells as measured in the selected regions of intereséd Section
3.4); Fig. 12 shows samples of the correctly constructed lineagrees with
cells undergoing multiple divisions. In general, achievingigher accuracy is
challenging since a single tracking error will invalidate thentire lineage tree
that the cell belongs to. However, alternative approachesrfmitosis/apoptosis

event detection (Li et al., 2008) and spatiotemporal image pcessing tech-
niques (Pad eld et al., 2006a) could potentially improve heage tracking ac-
curacy. Increasing the image acquisition rate would be anothpossibility to
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reduce ambiguities and hence increase tracking accuracy. \Aleo emphasize
that acceptable accuracy levels required in various experents, using large
and dense cell populations, will likely vary depending on the spi ¢ biological
guestion being proposed.
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departure. Blue crosses indicate cell death. Texts on the fieage lines show the
division times.

5.4 Computation Time

All of the above experiments were conducted on a computer with2.66 GHz
Intel Xeon processor and 4 GB memory, running 64-bit Gentoo Limuoperat-
ing system. Our system runs at an average speed of 90 frames/hourtfacking
approximately 3000 cells in a 12801024 pixels/frame image sequence. The
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most time consuming computation step is the level set evolution.

6 Conclusion

We developed and validated an automated system capable of sitameously
tracking thousands of individual cells in dense cell populaths in phase con-
trast microscopy image sequences. The system employs a modular giesi
which integrates an e cient cell detector, a topology-constained geometric
active contour tracker, a biologically relevant IMM motion lter, and spa-
tiotemporal trajectory optimization. Our system enables aubmatic quanti -
cation of cell migration, proliferation, apoptosis, and constiction of cell lin-
eage maps, which facilitates the analysis of massive biologickitasets. For
future work, we will focus on further improving tracking acaracy for auto-
mated cell lineage construction, and applying the system to tile challenging
biological problems.

A Two-Cycle Fast Level Set Algorithm

Algorithm 4 provides the pseudocode of the fast dual-cycle ldset algorithm
described in Section 3.3.3. Figure A.1 illustrates the key step$the algorithm.

Fig. A.1. lllustration of fast level set initialization, ev olution, and nalization.

The input to the algorithm is the region labeling map  1(x;y) for frame
k 1; the output is the evolved labeling map'\k(x;y) for frame k. There
are three parameters: the maximum iterations of the main l00fT ), the
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Algorithm 4 : Fast Dual-Cycle Level Set Evolution

Input : region labeling map ¢ 1(X;y); parametersTmax, U, V

initialize

(X y) k 1Y) Nk 1 R ?

foreach labeled region |, k(X;y) do

L Initialize  (X;y), Lin(n), and Lo (n) according to (15) and (16)

foreach (X;y) 2 Low(n) do “(x;y) O
Nk 1 Ny o[f ng

end
/[ main loop
for t  1;:::;Tmax dO
stop false
foru 1;:::;Udo /I update cycle

foreach n2 Ny ; do
foreach (x;y) 2 Lin(n) [ Low(n) do compute F(x;y)
foreach (X;y) 2 Loy (n) do
| if F(x;y) > Othen Switchin(x;y)
Updatelnterior (L, (n))
foreach (x;y) 2 Li,(n) do
| if F(x;y) < O0then SwitchOut(x;y)
| UpdateExterior(L .t (Nn))
| if stopping condition is metthen stop true and exit cycle
forv 1;:::;V do /I regulation cycle
foreach n2 Ny ; do
foreach (x;y) 2 Lin(n) do
| if (G )(x;y) < Othen Switchin(x;y)
Updatelnterior (L, (n))
foreach (x;y) 2 Low(n) do
| if (G )(x;y)> Othen SwitchOut(x;y)
| UpdateExterior(L ou:(n))

B if%stopthen exit main loop

nalize
foreach n2 Ny ; do
L foreach (x;y) 2 Low(n) do

| “k(;y) argmin, ,y distanceq ;njx;y)

end

number of iterations for the update cycle (), and the number of iterations for
the regulation cycle /). U and V controls the relative strength of regulation,
which replace the parameter in Equation (11). We setTnax = 500, U = 3,
andV =1 in all the experiments.
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The stopping condition (Line 1) is satis ed ifF (x;y)  0;8(X;y) 2 Loy (n); 8n
and F(x;y) 0;8(x;y) 2 Lin(n);8n. The discrete Gaussian kerneG (Lines
3

2 and 3) is approximated by:
2
2 1
G= § 4 22 : (A1)
21

N (Line 4) denotes the sefn 2 Nk 1j n\ N4(X;y) 6 ? g, and the distance
function is de ned as:

RN R

distance( ;njx;y) = jlk(x 1y ) k(X Y)j; (A.2)
where K ;y ) 2 Na(x;y), (x;y)=n,and (x;y)=n.

The psuedocode of the procedureédwitchin, Updatelnterior, SwitchOut and
UpdateExterior, which are required by the dual-cycle algorithm, are listedhi
Algorithms 5, 6, 7, and 8.

Algorithm 5 : ProcedureSwitchin

foreach (X;y) 2 Low(n) do
if T,(x;y) 61 then exit
remove ;y) from Loy, (n) and add it to Li,(n)
foreach (x ;y ) 2 N4(x;y) with (x ;y )=3 do
| add (X ;y ) to Low(n); (x;y) 1

Algorithm 6 : ProcedureUpdatelnterior
foreach (x;y) 2 Li,(n) do
L if (x;y)<0 8(x;y)2Nasxy) then

| remove ;y) from Lin(n); (X;y) 3

Algorithm 7 : ProcedureSwitchOut

foreach (x;y) 2 Li,(n) do
remove ;y) from Li,(n) and add it to Ly (n)
foreach (x ;y ) 2 N4(x;y) with (x ;y )= 3do
| add (x ;y )to Lin(n); (x;y) 1

Algorithm 8 : ProcedureUpdateExterior

foreach (X;y) 2 Low(n) do

L if (x;y)>0 8(x;y)2Nsxy) then
| remove &;y) from Loy (n); (x;y) 3
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B EM-IMM Parameter Estimation

The unknown parameters are denoted by f Q';R; kLg. Our objective is
to estimate the parameters and the hidden statesS = fsg; :::; sk g based on
the measurementZ = fz ,;:::;z¢ g. We make the index of the measurement
sequence to start from 2 for the convenience of notation. The initial statesy
is obtained using the rst three measurement$z ,;z 1;z0Q.

The EM algorithm maximizes the complete-data log likelihod, de ned by

. K . K. .1 .
logP(S;Zj )= §|09JQ'J §|091RJ §|091 ol

X
! (zc Hs)R "z« Hsy)

2 k=1

1 X . . .

5 (s« F'sq )YQ" (s« F'sc 1)+ constant; (B.1)
k=1

wherej | denotes matrix determinant. The maximization of lod? (S; Zj ) with

respect to the unknown parameters is a chicken-and-egg problem since the

system statesS are also unknown. The EM algorithm solves this problem by
iterating between two steps:expectation(E) and maximization (M).

B.1 E Step

The E step nds the expected value of the complete-data log Efihood with
respect to the unknown statesS, given the observed dataZ and the current
parameter estimates °¢:

Q( | = EthQP(S;Z; iZ; °'d)i: (B.2)
This quantity depends on three expectations:
8yjk E:Sij; OId)I i (B.3)
KiK EhSkSEjZ; oldy i (B.4)
kk 1k E sspo4jZ; °9) (B.5)

Note that the estimates$x and Aij di er from the ones computed by
the forward-time IMM lter in that they depend on past as well as future
observations. To obtain these estimates, the xed-interval IMM smother in
(Helmick et al., 1995) is utilized. The algorithm uses two IMM lters. One of
the Iters propagates in the forward-time direction, and poduces estimate$,
and | as given previously. The other Iter propagates in the backwal-time
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direction, and produces estimatesy”, ", &1, and . . We refer the

reader to (Helmick et al., 1995) for details on the backwardfhe IMM lter.
The xed-interval IMM smoother combines the forward and baclard Itered
outputs to obtain smoothed estimates according to the followg procedure.

Step 1: Compute combined estimates:

h i
i i iy lai bii 1abii .
sdij = KK (1) &+ ( kike1)  Siken)

- . . i
= C 0 Ge) Y
i _ 1 bi L B.6
k+1;kjK — ( k+1;kjk) +( k+1;kjk+1) ' ( )
. i i b —
with Jk+1;kjk_ Fl 4, and k+|1;kjk+1 = YLIF) 1o
Step 2: Compute model-conditioned smoothed estimates:
. X
é]ij = :<“+1jKéJkle;
i=1
kaK = :<”+1jK J|<Ij|< +(é]kle é]ij)(éjkle §|<jK)0 ;
i=1
Jk+1;ij = :<”+1jK k+1 KjK (§kl+le §k+1jK )(é]kle é]ij )0 : (B.7)
i=1
The conditional probability |}, is obtained by
ijj _ ji— . ; — X ji .
k+1jk = Bi k= gs with i~ Bii k- (B.8)
i=1
The likelihood | is given by
i . Db iy
N (ékjk+1 é] 101 kjlk+1 + Jk)y (Bg)
whereN () denotes a multivariate normal distribution.
Step 3: Compute the overall smoothed estimates:
X
Sk = K glij;
j=1
o h . . d
kiK = K kaK +(§]ij Sk )(gjij Sk )"
j=1
< h : : Oi
k+lkiKk = k'J Jk+l;ij +(é]k+1jK Sk+1jK)(ékaK Sik )" (B.10)
j=1
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The smoothed model probability I can be computed as

R e (B.11)

where 1} is the forward-time Itered model probability.

B.2 M Step

The M-step of the EM algorithm re-estimates the unknown paranters by
maximizing the expectation computed in the rst step, i.e.,

"W = max Q( j °9): (B.12)

By taking the partial derivatives of Q with respect to (Q') * and R ?, and
setting the respective result to zero, we obtain

iynew _ l% d ) i .
Q)™ = K kik  F ok 1k
- o d
ek 1k (FD°+ F' o gk (FDY; (B.13)
1 X
R™" == ziz¢ 2H8gze+ H qeH® (B.14)
k=1
()™= ok: (B.15)

The expectation and maximization steps are computed repeally until the
relative absolute change of the expected log likelihood islbe a threshold.
Each iteration is guaranteed to increase the log likelihoo@dnd the algorithm
will converge to a local maximum of the log likelihood functin.
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